Stationary whirling of slender and homogeneous (continuous) elastic shafts rotating around their axis, with pin-pin boundary condition at the ends, is revisited by considering the complete deformations in the cross section of the shaft. The stability against a synchronous sinusoidal disturbance of any wave length is investigated and the analytic expression of the buckling amplitude is derived in the weakly non-linear regime by considering both geometric and material (hyper-elastic) non-linearities. The bifurcation is super-critical in the long wave length domain for any elastic constitutive law, and sub-critical in the short wave length limit for a limited range of non-linear material parameters.
Stationary whirling of slender and homogeneous (continuous) elastic shafts rotating around their axis, with pin-pin boundary condition at the ends, is revisited by considering the complete deformations in the cross section of the shaft. The stability against a synchronous sinusoidal disturbance of any wave length is investigated and the analytic expression of the buckling amplitude is derived in the weakly non-linear regime by considering both geometric and material (hyper-elastic) non-linearities. The bifurcation is super-critical in the long wave length domain for any elastic constitutive law, and sub-critical in the short wave length limit for a limited range of non-linear material parameters. 
I. INTRODUCTION
A homogeneous and balanced elastic cylinder rotating around its axis is unstable beyond a critical angular velocity, leading to transverse deformations and whirling if the ends of the cylinder are constraint for instance with bearings. This instability results from the competition between the destabilizing effect of the centrifugal force that tends to drive the cylinder away from the axis of rotation, and the elastic forces opposed to the deformation.
The whirling of rotating cylinders, as well as the propagation of vibrations in the neighborhood of the critical angular velocity, have been extensively investigated in the context of rotor-dynamics [1, 2] because of their damaging effects on the smooth running of rotating machinery such as compressors, pumps, turbines, turbochargers, jet engines [3] . Understanding the stability of spinning shafts and their post-buckling behavior is crucial for the success in the design of this kind of rotating systems.
While most of the studies have dealt with small deformations linearized at leading order [4] , few studies have considered non-linear effects [5, 6] . The non-linear dynamic behaviour of a uniform, slender rotating shaft made of a viscoelastic material with external damping mechanism has been studied by considering geometric non-linearities resulting from large transverse displacements [7] [8] [9] . Using the center manifold technique [10] and the normal form method, the effects of external and internal damping on the whirling of rotating shafts have been investigated in terms of Hopf or double eigenvalues bifurcations. By pushing expansions up to order 2 in terms of the characteristic magnitude of the infinitesimal strain, ε, but Hookean elasticity for the strain-stress relation, the whirling amplitude in steady state configurations have been computed as the radius of a limit cycle in phase portraits [9] . However, the intrinsic non-linear features of material constitutive law have been neglected in these studies. Indeed, order ε 2 in the expansion of the governing equations originates both from geometrical non-linearities (arising from the expression of the local curvature of the center line of the cylinder) together with non-linearities in the constitutive law of the elastic material. These last non-linearities are essential in order to fulfilled the requirement of material objectivity [11] .
An expansion of the bending energy based on a scalar non-linear constitutive law [12] has been proposed in order to calculate non-synchronous whirling of rotating shafts [13] . Because of the scalar features of the constitutive law used by the author, this approach is limited to deformation with large wave length (compared with the radius of the shaft) and the issues related to Poisson effect are ignored. In addition, the rotating shaft was supposed to be not extensible which is not relevant for pin-pin ends since the extension of the center-line with pin-pin ends is of order ε 2 and cannot be neglected.
A linear analysis of the whirling bifurcation of infinite rotating cylinders under axial tension has been developed in [14] , based on non-linear constitutive equations in three dimensions so that this analysis is relevant for any wave length of the deformation, but the non-linear analysis is still missing. In previous papers [15, 16] , the bifurcations of spinning undeformable shafts, surrounded by a compliant elastic layer, have been investigated both in the linear and the non-linear regimes, under plane strain assumption.
In this paper, a non-linear analysis of the stationary whirling of homogeneous rotating cylinders is developed, based on the hypothesis of negligible external damping [4] so that the system is conservative. The steady states are reached once transient vibrations are damped thanks to dissipative processes (internal damping) occurring inside the elastic material. The cylinders are supposed to be slender, their length L being far larger than the radius r 0 . The elastic material is assumed to be isotropic and incompressible. The buckling amplitude of synchronous and steady sinusoidal perturbations of any wave length is calculated without any further assumption for the constitutive law of the elastic material. The analysis relies on the complete three dimensional equations so that the results are relevant for any wave length of the whirling, including wave length of the same order of magnitude as the radius of the shaft. The complete (non-linear) equations governing the equilibrium steady states are derived in Section II. A Lagrange multiplier accounts for the incompressibility constraint and the equations for the three components of displacement field are established in strong form. Section III is devoted to the linear stability analysis. The critical angular velocity is found to depend on the shear modulus of the elastic material, its mass density, the radius of the rotating cylinder, and in a non trivial manner on the ratio of the wave length of the deformation to the radius of the cylinder. The weakly non-linear analysis of the bifurcation is carried out in Section IV. The bifurcation is found to be super-critical for neo-Hookean materials, and can be sub-critical at small wave length for particular constitutive laws. Predictions of sections III-IV are checked in Section V by means of numerical simulations based on the Finite Element Method. The last part (Section VI) of the paper is devoted to a conclusion.
II. EQUILIBRIUM EQUATIONS BASED ON A FINITE STRAIN THEORY
In this section the non-linear equations governing the equilibrium (steady) configurations of a rotating elastic cylinder are derived, considering an arbitrary hyper-elastic incompressible isotropic material.
Let r 0 denote the radius of the undeformed cylinder, ρ its mass density and µ its initial shear modulus, i.e. the shear modulus for infinitesimal strain. The cylinder is spun with an angular velocity ω about its axis, as sketched in Figure 1 . In the co-rotating frame, both the elastic force and the centrifugal force are conservative. The equilibrium can therefore be derived from the condition that the total potential energy is stationary. The position R of a material point in the deformed configuration is given as a map R(r) in terms of the position r in the undeformed configuration.
For an isotropic and incompressible elastic material, the strain energy density is a function of the two first invariants, I 1 and I 2 , of Green's deformation tensor C = F T · F, where F = ∂R/∂r is the deformation gradient:
The strain energy density is then written as µ W (I 1 , I 2 ) where W is the dimensionless strain energy density. For the strain energy µ W (I 1 , I 2 ) to be consistent with the initial shear modulus µ, the following normalization condition must be enforced:
For an incompressible neo-Hookean solid [11, 17] and for an incompressible Mooney-Rivlin solid [18, 19] , the dimensionless strain energy density are respectively W = 1 2 (I 1 − 3) and W = 1 2 (β(I 1 − 3) + (1 − β)(I 2 − 3)), with β a material constant in the range [0; 1].
Incompressibility of the elastic material imposes the condition D(r) = 1, where D = det F is the Jacobian of the transformation. To characterize equilibrium configurations, we seek stationary points of the augmented energy
The terms in the integrand are the strain energy, the potential of the centrifugal force, and the Lagrange term taking care of the incompressibility constraint D = 1 by means of a Lagrange multiplier q(r). From Eq. 3, the equilibrium of the system is governed by the two dimensionless parameters in the problem, namely α = ρ r 2 0 ω 2 /µ and the ratio L/r 0 . We use cylindrical coordinates, with r the distance to the axis, θ the angle and z the height in the unperturbed state ( Figure 1) . Let e r , e θ ,e z be the orthonormal basis vectors associated with coordinates r, θ and z respectively. In the deformed configuration, the position R of a material point is R = r + u(r, θ, z)e r + v(r, θ, z)e θ + w(r, θ, z)e z and the deformation gradient F = ∇R(r) is:
where a comma in subscript denotes a partial derivative. Expressions of D, I 1 and I 2 are directly deduced from Eq. 4. The equilibrium equations are derived from the condition that the first variation of Eq. 3 with respect to the unknowns u(r, θ, z), v(r, θ, z), w(r, θ, z) and q(r, θ, z) is zero. Let t = (u, v, w, q) denote the collection of unknowns, and δt = (δu, δv, δw, δq) a virtual displacement that is kinematically admissible (abbreviated as 'k.a.'), as imposed by the boundary conditions. The field t(r, θ, z) is a solution of the problem if
DE(α, t) [δt] denotes the first variation of the energy evaluated in the configuration t with an increment δt, also known as the first Gâteaux derivative of the functional E [20] . Note that the dependence of E with L/r 0 is not explicitly written in Eq. 5 because it is a fixed parameter in the system, contrary to α. Defining
and integrating by parts Eq. 5, we obtain the equations in the interior of the body as
The first equation (Eq. 7) is the incompressibility constraint and the three other equations (Eqs. 8-10) are the equilibrium in the radial, circumferential and longitudinal directions, respectively. These equations are complemented by the condition of zero traction at the lateral boundary r = r 0 , ∂G ∂u ,r r=r0 = ∂G ∂v ,r r=r0 = ∂G ∂w ,r r=r0 = 0.
In addition, the pin-pin condition at the ends imposes:
and ∂G ∂u ,z = ∂G ∂v ,z = ∂G ∂w ,z = 0 for z = 0 and z = L.
The three last boundary conditions (Eqs. 13) originate from the variation of the augmented energy at the vicinity of the ends. Since end effects are expected to spread in a domain of characteristic size r 0 , their relative contribution to the total augmented energy is of order r 0 /L. Hence, within the hypothesis of a slender shaft (r 0 L), boundary conditions Eqs. 13 is negligible. This simplification makes possible the harmonic decomposition of the deformation (with unique wave length and unique circumferential wave number, see Section III B).
The equilibrium configurations are the solutions of the system formed by Eqs. 7-12. Because of non-linearities in the equations, the analytic resolution is out of reach. In Section III A the system is resolved in the reference (undeformed) configuration. Then the magnitude of the displacement is assumed to scale as a small parameter, ε, so that it is infinitely smaller than the other length scales (r 0 and L). Eqs. 7-12 is resolved at linear order (order ε) in Section III B, and at order ε 2 in Section IV. Finally, they are solved numerically by means of finite elements in Section V.
III. LINEAR BIFURCATION ANALYSIS

A. Unbuckled solution
We start by analyzing the unbuckled configuration (base state), and label all quantities relevant to it using a subscript '0'. In this configuration, u 0 (r, θ, z) = 0, v 0 (r, θ, z) = 0 and w 0 (r, θ, z) = 0. The Lagrange multiplier q is found from the radial equilibrium Eq. 8 and Eq. 11 as
Altogether, the unbuckled solution of Eqs. 7-11 is written as t 0 = (u 0 , v 0 , , w 0 , q 0 ).
B. Linearization of the equations
A small perturbation is added to the unbuckled solution, and the equations of Section II are linearized with respect to the amplitude of the perturbation, t = t 0 + εt 1 = (εu 1 (r, θ, z), εv 1 (r, θ, z), εw 1 (r, θ, z), q 0 (r, θ, z) + εq 1 (r, θ, z)) .
We first assume a harmonic θ and z dependence of any variation of the perturbation of u, v, w and q:
where k is the axial wave number. Re denotes the real part. The conventional complex factor (−i) has been included for convenience, anticipating on the fact that the phase of v 1 and w 1 are shifted by π/2 compared to the phase of the two other unknowns. At linear order in ε, Eqs. 7-11 yield respectively:
The boundary conditions Eqs. 7-10 at order ε are respectively:
After the elimination of f v , f w and f q in Eqs. 17-20, one obtains an order 6 differential equation for f u :
and, after substitutions in Eqs. 21-23, one obtains the boundary conditions at r = r 0 in term of f u : 
C. General solution
Let s 1 (kr), s 2 (kr) and s 3 (kr) be three independent solutions of Eqs. 24-27 that do not diverge, as well as their first derivative, at r = 0. These solutions are sought as series expansions in the form:
The condition for s i (kr) to be a solution of Eq. 24 is, for m ≥ 6:
where a 0 , a 2 and a 4 are constants that are not fixed up to now. Coefficients a m with an odd index have to be 0. In order to build three independent solutions of Eq. 24, we choose a 0 = 1, a 2 = a 4 = 0 for s 1 (kr) ; a 0 = a 4 = 0 and a 2 = 1 for s 2 (kr) ; and a 0 = a 2 = 0 and a 4 = 1 for s 3 (kr). Writing now the general solution f u (r) of Eq. 24 as:
f u (r) = As 1 (kr) + Bs 2 (kr) + Cs 3 (kr),
and substituting this expression in the boundary conditions Eqs. 25-27, one gets a linear system of 3 homogeneous equations with three unknowns A, B and C. The condition for a non-zero deformation, i.e. (A, B, C) = (0, 0, 0), is obtained by imposing the determinant of the linear system to be zero, leading to the condition for α, α = α c with α c : Higher orders in the expansion can be calculated as well. For α = α c , the system is neutrally stable against a perturbation of wave number k. α c is plotted as a function of kr 0 in Figure 2 . Taking the first term in the expansion Eq. 31, one recovers the well known expression of the linear threshold calculated in the long wave length limit in the framework of Hookean elasticity, α c = 3 4 (kr 0 ) 4 (see the dashed line in Figure 2 ). The expressions of functions f u (r), f v (r), f w (r) and f q (r), with the condition f u (r 0 ) = ξ (εξ will be referred as the buckling amplitude) are: 
Indeed, the form of Eq. 16 corresponds to a right helical deformation along the z axis. The left helical deformation can be deduced from the previous one (with the transformation k ↔ −k) :
Up to now, the boundary conditions at the ends of the cylinder, Eq. 12, have not been taken into account. In that case, the general solution at linear order of the problem consists of any linear combinations of the solutions Eqs. 16 and 36. Imposing now the boundary condition Eq. 12 yields the unique (up to the buckling amplitude) solution of the complete problem at linear order:
(37) q 1 = f q (r) sin θ sin kz with k = nπ/L and n an integer. Hence, at linear order, only discrete values of wave number k are admissible for the system to be neutral against sinusoidal perturbations, which corresponds to discrete values of the control parameter α.
In the following, we start from a value of α at which the system is neutrally stable (α = α c ), and we consider a quasi-static increase of α. The deformation is not harmonic anymore, and we calculated the expression of the corresponding mode, including the buckling amplitude.
IV. WEAKLY NON-LINEAR ANALYSIS
A. Introduction
In this section, we carry out a Koiter expansion [21] [22] [23] [24] [25] [26] [27] of the bifurcated solution in the vicinity of a bifurcation point. The displacement field and the Lagrange multiplier are expanded to order 3 in terms of an arc-length parameter ε defined as [28] :
where α c is the critical dimensionless angular velocity determined from the linear bifurcation analysis, see Eq. 31. The base solution t 0 depends on the load α through q 0 . The first-order correction t 1 is the linear mode calculated in Section III and normalized so that the buckling amplitude is εξ.
B. Second-order correction to the displacement
The second order displacements t 2 = (u 2 , t 2 , z 2 , q 2 ) results from the non-linear interaction of the linear mode t 1 with itself. As a result, it involves a superposition of Fourier modes having wave numbers ±k with respect to the variable z, and circumferential wave numbers ±1. Hence, we seek the second-order correction t 2 to the displacement as: u 2 (r, θ, z) =g u1 (r) + g u2 (r) sin(2kz) + g u3 (r) cos(2kz) + g u4 (r) sin(2θ) + g u5 (r) cos(2θ) + g u6 sin(2θ) sin(2kz) + g u7 sin(2θ) cos(2kz) + g u8 (r) cos(2θ) sin(2kz) + g u9 (r) cos(2θ) cos(2kz) (40) v 2 (r, θ, z) =g v1 (r) + g v2 (r) sin(2kz) + g v3 (r) cos(2kz) + g v4 (r) cos(2θ) + g v5 (r) sin(2θ) + g v6 (r) cos(2θ) sin(2kz) + g v7 (r) cos(2θ) cos(2kz) + g v8 sin(2θ) sin(2kz) + g v9 sin(2θ) cos(2kz) (41) w 2 (r, θ, z) =g w1 (r) + g w2 (r) cos(2kz) + g w3 (r) sin(2kz) + g w4 (r) sin(2θ) + g w5 (r) cos(2θ) + g w6 sin(2θ) cos(2kz) + g w7 sin(2θ) sin(2kz) + g w8 (r) cos(2θ) cos(2kz) + g w9 (r) cos(2θ) sin(2kz) (42) q 2 (r, θ, z) =g q1 (r) + g q2 (r) sin(2kz) + g q3 (r) cos(2kz) + g q4 (r) sin(2θ) + g q5 (r) cos(2θ) + g q6 sin(2θ) sin(2kz) + g q7 sin(2θ) cos(2kz) + g q8 (r) cos(2θ) sin(2kz) + g q9 (r) cos(2θ) cos(2kz).
The calculation of the deformation at order ε 2 requires to take into account a series expansion of the dimensionless strain energy W at order 2 in terms of I 1 − 3 and I 2 − 3. Here, we consider the most general form for this expansion, without any restriction to a specific kind of constitutive equation:
where β, γ 11 , γ 12 and γ 22 are constant parameters that depend on the material properties. For instance, β = 1 and γ 11 = γ 12 = γ 22 = 0 for an incompressible neo-Hookean solid [11, 17] , and γ 11 = γ 12 = γ 22 = 0 for an incompressible Mooney-Rivlin solid [18, 19] .
The unknown functions in Eq. 40-43 are found by solving at order ε 2 the differential equations Eqs. 7-10 with the boundary conditions Eqs. 11. Inserting Eqs. 38-39 into the Cauchy-Poisson Eqs. 7-10 and in the boundary condition Eqs. 11 at order ε 2 yields:
Order ε 2 yields the equations for the second-order correction t 2 . One obtains at ε 3 the equation:
Upon insertion of the particular virtual displacement δt = t 1 , the first term cancels out by Eq. 46 and we are left with
D 2 E [δt; t 1 ] denotes the second Gâteaux derivative of E, which is a bi-linear symmetric form on the increment t 1 and on the virtual increment δt. Similarly, D 3 E [δt; t 1 ; t 2 ] is the third Gâteaux derivative (a tri-linear symmetric form). From Eqs. 38-39, the value of α 2 finally allows to express the buckling amplitude εξ as a function of the increment of the load α − α c = α 2 ε 2 . The quantities appearing Eq. 47 are calculated with the help of a symbolic calculation language from the explicit expression of the functions f (linear order) and the functions g (second order):
Eq. 47 then yields the sought relation between the scaled load increment α 2 and amplitude ξ: Multiplying both sides of Eq. 51 by ε 2 and identifying (i) the load increment α − α c from Eq. 38 and (ii) the true buckling amplitude ζ = ε ξ, we find the amplitude equation as
κ is plotted as a function of kr 0 for different constitutive laws in Figure 3 . The order in the expansion in kr 0 in Eq. 52 is high enough to have no visible effect of it in this plot. Interestingly, κ can be positive or negative, depending on the constitutive law and on the values of kr 0 . Based on the amplitude equation in Eq. 53, the bifurcation is super critical (continuous) if κ > 0 (ζ = r 0 (α − α c )/κ) and sub-critical (discontinuous) otherwise (ζ = r 0 (α c − α)/κ). The bifurcated branch is found above the critical load α c in the super critical case, and below α c in the sub critical case.
V. COMPARISON WITH FINITE ELEMENT SIMULATIONS
In this section, the complete non-linear problem defined by Eq. 5 is implemented by using the open source tool for solving partial differential equations FEniCS [30] . The goal is to check whether the numerical simulations well capture the results of both the linear and the non-linear analysis of sections III-IV.
We consider a semicircular solid cylinder Ω of radius r 0 and height 2π/k. A Cartesian coordinates system (x, y, z) with the base vectors (e x , e y , e z ) is chosen such that (x, y, z) ∈ Ω ⇔ x 2 + y 2 ≤ r 0 , x ≥ 0 and 0 ≤ z ≤ 2π/k. An incompressible and isotropic elastic solid (mass density ρ ; shear modulus µ) occupying the domain Ω in its reference configuration is subjected to the action of the centrifugal volume force ρω 2 (xe x + ye y ). The lateral surface ( x 2 + y 2 = r 0 ) of the cylinder is traction free, the displacements in the direction of e x are set to zero for x = 0 (so that x = 0 is a plane of symmetry), and periodic boundary conditions along axis z with wave number k are implemented.
The displacement vector u is discretized using Lagrange finite elements with a quadratic interpolation, and the Lagrange multiplier q with a linear interpolation. The non-linear problem in u − q is solved using a Newton algorithm based on a direct parallel solver (MUMPS). Quasi-static simulations are performed by setting µ = 1, r 0 = 1, and slowly varying α ≡ ρω 2 up to the desired value. For each α the displacement field and the Lagrange multiplier are computed. Simulations are carried out for different values of the wave number and different elastic constitutive laws.
Starting from the undisturbed base system (u = 0), α is gradually increased with increments δα = 1/100000. The deformation is almost zero until a critical value of α for which the deformation begins to increase (as a function of α) abruptly. Due to the boundary conditions imposed in the simulations, these deformations are consistent with those investigated in Secs. III-IV (see Figure 5 ). Accordingly with the definition in Section IV C of buckling amplitude ζ, the buckling amplitude in the simulations is computed as the maximum displacement of the material points located at the lateral boundary of the cylinder. The normalized buckling amplitude ζ/r 0 computed from the simulations for a neo-Hookean constitutive law and the wave number kr 0 = π/15 is plotted as a function of α in Figure 6 . Fitting 
for ζ/r 0 < 0.2 gives values of the threshold α * computed from the simulations, as well as the coefficient κ * . In Figure 2 , α * is plotted together with the theoretical prediction of the linear threshold, Eq. 31. A comparison of κ * with the theoretical prediction based on the weakly non-linear analysis, Eq. 52, is shown in Figure 7 for different wave numbers and different constitutive laws. The good agreement between theory and simulations clearly validates the results of Sections III and IV. In addition, the simulations show that the prediction of Eqs. 52-53 remains good for finite values of ζ/r 0 ( Figure 6 ). Discrepancies with the square root expression of the weakly non-linear analysis are barely observable in log-log scales (inset of Figure 6 ). For instance, for a neo-Hookean constitutive law and kr 0 = 15π, differences are smaller than 1% for ζ/r 0 < 90%. The sub-critical nature of the bifurcation, unveiled in Figure 3 for certain values of β and γ and certain values of the wave number, is also captured by the FEM simulations. In those cases, the load α has to be gradually decreased from a value larger than the instability threshold, and the buckling amplitude is found to grow as α continues to decrease below the critical load (Figure 8 ). For these sub-critical bifurcations, the range of the load in which the buckling amplitude follows a square root law is more reduced compared to the super-critical case. 
VI. CONCLUDING REMARKS
The non-linearities driving the buckling amplitude in the bifurcation of an initially straight spinning cylinder arise both from the geometry and the elastic response of the material. They simultaneously appear at order 2 in expansions with respect to the amplitude of the deformations. The buckling amplitude has been calculated in the weakly non-linear regime for different wave numbers and for any isotropic and isochoric constitutive law of the elastic material. Since the calculation relies on a Koiter expansion of the deformation calculated from a base undeformed configuration, the obtained analytic expression is limited to infinitesimal deformations. It has been complemented with numerical simulations, showing that the analytic expression is indeed relevant beyond the limit of the small infinitesimal deformations.
In the long wave length limit (kr 0 1), α c ∼ κ ∼ 3 4 (kr 0 ) 4 (from Eqs. 31 and 52). Hence, ζ = r 0 α/α c − 1. This formula differs from the expression proposed in [9] and established in the long wave length limit through a one-dimensional model and by ignoring material non-linearities. This discrepancy shows that an approach based on Hookean elasticity for calculating the buckling amplitude is not relevant even in the long wave length limit. Indeed, calculating the buckling amplitude using reduction to one dimensional model would require a reduction consistent with the non-linear material constitutive law of the elastic material [31] .
Non-linearities in the elastic material properties are a key ingredient for the study of the whirling instability: the buckling amplitude at the instability onset, and also the nature of the bifurcation (sub-critical or super-critical) depend on the coefficients appearing in the second order expansion of the strain energy density. Indeed, non-linear elastic properties are important in many systems or devices in which elastic bodies are subjected to finite deformations, as in soft robotics and surgery. As in the whirling instability investigated here, these deformations can be associated to instabilities [32] [33] [34] that lead to dramatic change in the system behaviour. The development of rigorous frameworks and methodologies for predicting, understanding and analysing these instabilities is then an important task.
The deformations considered in this paper being stationary, the equilibrium configurations have been analyzed by minimizing the total energy of the system, since energy dissipation processes are not relevant. A study of the issue of the transient regimes, i.e. the way the previously investigated steady states are reached, would required more complex formulations in which the dissipative processes have to be accounted for together with the material and geometric non-linearities in dynamical equations.
